The Schrödinger theory of electrons in an external electromagnetic field can be described from the perspective of the individual electron via the 'Quantal Newtonian' laws (or differential virial theorems). These laws are in terms of 'classical' fields whose sources are quantal expectations of Hermitian operators taken with respect to the wave function. The laws reveal the following physics: 
I. INTRODUCTION
In this paper we explain new understandings of [1] Schrödinger theory of the electronic structure of matter, and of the interaction of matter with external static and time-dependent electromagnetic fields. Matter -atoms, molecules, solids, quantum wells, two-dimensional electron systems such as at semiconductor heterojunctions, etc., -is defined here as a system of N electrons in an external electrostatic field E(r) = −∇v(r) where v(r) is the scalar potential energy of an electron. The added presence of a magnetostatic field B(r) = ∇ × A(r), with A(r) the vector potential, corresponds to the Zeeman, Hall, Quantum Hall, and magneto-caloric effects, magnetoresistance, quantum dots, etc. The interaction of radiation with matter such as laser-atom interactions, photo-electric effects at metal surfaces, etc., are described by the case of external time-dependent electromagnetic fields. The insights are arrived at by describing Schrödinger theory from the perspective [2, 3] of the individual electron. This perspective is arrived at via the 'Quantal Newtonian' second law [4] [5] [6] [7] (or the time-dependent differential virial theorem) for each electron, with the first law [8] The corresponding integro-differential eigenvalue equations are thenĤ
The orbitals φ i and the eigenenergies ǫ i are obtained by self-consistent solution of the equation [9, 10] . There are many other formalisms whereby the solution is obtained self-consistently such as, for example, the Optimized Potential Method [11, 12] and the Hartree and Paulicorrelated approximations within Quantal density functional theory [13, 14] . (In general, eigenvalue equations of the formL[ζ]ζ = λζ are solved in an iterative self-consistent manner.)
In the time-dependent case, it is shown via the 'Quantal Newtonian' second law that the HamiltonianĤ(t) =Ĥ[Ψ(t)], so that the self-consistent form of the Schrödinger equation iŝ
Other understandings achieved show that the scalar potential energy of an electron v(r)
is the work done in a conservative field F (r). The components of this field are separately representative of properties of the system such as the correlations due to the Pauli exclusion principle and Coulomb repulsion, the electron density, kinetic effects, an internal magnetic The new physics is explicated for the stationary-state case by application to the ground and first excited singlet state of a two-dimensional quantum dot in a magnetostatic field.
For the time-dependent case, the same states of the quantum dot in a magnetostatic field perturbed by a time-dependent electric field are considered.
We begin with a brief summary of the manner in which Schrödinger theory is presently understood and practiced. For this consider stationary-state theory for a system of N electrons in an external electrostatic field E(r) = −∇v(r) and magnetostatic field B(r) = ∇×A(r). The Schrödinger equation in atomic units (charge of electron −e, |e| = = m = 1)
together with the assumption of c = 1 is
where the terms of the Hamiltonian are the physical kinetic, electron-interaction potential, and scalar potential energy operators; {Ψ(X); E} the eigenfunctions and eigenvalues; X = x 1 , x 2 , . . . , x N ; x = rσ ; (rσ) the spatial and spin coordinates.
We note the following salient features of the above Schrödinger equation:
(a) As a consequence of the correspondence principle, it is the vector potential A(r) and not the magnetic field B(r) that appears in it. This fact is significant, and is expressly employed to explain, for example, the Bohm-Aharonov [15] (i) For the N-electron system, it is assumed that the canonical kinetic and electroninteraction potential energy operators are known. As such, the potential v(r) is considered an extrinsic input to the Hamiltonian.
(ii) The potential energy function v(r) is assumed known, e.g. it could be Coulombic, harmonic, Yukawa, etc.
(iii) By assumption, the potential v(r) is path-independent.
With the Hamiltonian known, the Schrödinger differential equation is then solved for
{Ψ(X); E}. Physical observables are determined as expectations of Hermitian operators taken with respect to Ψ(X).
We initially focus on the stationary-state case. In Sect. II, we briefly describe the single- 
II. STATIONARY STATE THEORY: 'QUANTAL NEWTONIAN' FIRST LAW
In order to better understand the 'Quantal Newtonian' laws for each electron, we first draw a parallel to Newton's laws for the individual particle. Hence, consider a system of N classical particles that obey Newton's third law, exert forces on each other that are equal and opposite, directed along the line joining them, and are subject to an external force.
Then Newton's second law for the i th particle is
where
is the external force, F ji the internal force on the i th particle due to the j th particle, and p i the linear momentum response of the i th particle to these forces. In summing Eq. (2) over all the particles, the internal force contribution vanishes, leading to Newton's second law.
Newton's first law for the i th particle is
Again, on summing over all the particles, the internal force component vanishes leading to
Newton's first law.
The 'Quantal Newtonian' first law for the quantum system described by Eq.
(1) -(the counterpart to Newton's first law for each particle) -states that the sum of the external 
The law is valid for arbitrary gauge and derived employing the continuity condition ∇·j(r) = 0. Here j(r) is the physical current density which is the expectation < Ψ(X)|ĵ(r)|Ψ(X) > with the operatorĵ(r) = { 1 2i
, the density operator. The external field is the sum of the electrostatic E(r) and Lorentz L(r) fields [16] :
where L(r) is defined in terms of the Lorentz 'force' ℓ(r) as L(r) = ℓ(r)/ρ(r), with ρ(r) =< Ψ(X)|ρ(r)|Ψ(X) > is the density, and where ℓ(r) = j(r) × B(r).
The internal field F int (r) is the sum of the electron-interaction E ee (r), kinetic Z(r), differential density D(r), and internal magnetic I(r) fields [16] :
These fields are defined in terms of the corresponding 'forces' e ee (r), z(r), d(r), and i(r). (Each 'force' divided by the (charge) density ρ(r) constitutes the corresponding field.) The 'force' e ee (r), representative of electron correlations due to the Pauli exclusion principle and Coulomb repulsion, is obtained via Coulomb's law via its quantal source, the pair-correlation function P (rr
; the kinetic 'force' z(r), representative of kinetic effects, is obtained from its quantal source, the single-particle density matrix γ(rr ′ ) : z α (r) = 2 β ∇ β t αβ (r), where the kinetic en-
∇∇ 2 ρ(r), the quantal source being the density ρ(r); and internal magnetic 'force' i(r) whose quantal source is the current density j(r) : i α (r) = β ∇ β I αβ (r),
The components of the total energy E -the kinetic, electron-interaction, internal magnetic, and external -can each be expressed in integral virial form in terms of the respective fields [16] . For example, the electroninteraction energy E ee = ρ(r)r · E ee (r)dr, the kinetic energy
etc.
III. NEW UNDERSTANDINGS
We next discuss the new insights achieved via the single-electron perspective. They are valid for both ground and excited states. representing the density, a fundamental property of the system [18, 19] ; and a term I(r) that arises as a consequence of the external magnetic field [16] . 
where 
or equivalently as
In general, with the Hamiltonian a functional of Ψ(X), the Schrödinger equation can be In any self-consistent procedure, different external potentials v(r) can be obtained based on the choice of the initial approximate input wave function Ψ(X). In atoms, molecules or solids, the potential v(r) obtained self-consistently would be Coulombic. In quantum dots it would be harmonic, and so on. One must begin with an educated accurate guess apropos to the physical system of interest for the initial input. Otherwise one may not achieve self-consistency. Thus, for example, in self-consistent quantal density functional theory calculations on atoms [3, 13, 14] , the initial input wave function for an atom is the solution of the prior atom of the Periodic Table. In general, for any self-consistent calculation, it is only after self-consistency is achieved that one must judge and test whether the solution is physically meaningful. (Note that in this manner, the external potential v(r) and hence the Hamiltonian is determined self-consistently.)
written asĤ[Ψ]Ψ(X) = EΨ(X). In this manner, the intrinsic self-consistent nature of the Schrödinger equation becomes evident. (Recall that what is meant by the functional v[Ψ] is
In principle, the above procedure is mathematically entirely akin to the fully-selfconsistent solution of the integro-differential equations of Hartree [9] and Hartree-Fock [10] theories, the Optimized Potential method [11, 12] , Quantal density functional theory [3], etc. In each of these cases, the corresponding integro-differential equations are of the form 
IV. EXAMPLE OF A QUANTUM DOT
To explicate the new physics of stationary-state Schrödinger theory, we consider a ground and first excited singlet state of a two electron, two-dimensional quantum dot in an external magnetostatic field [20, 21] . B(r) × r, are respectively,
and
the effective force constant k eff = ω The example of the quantum dot above can be thought of as being the final iteration of the self-consistent procedure in which the exact potential v(r), wave function Ψ, and energy E are obtained. To see this, consider the initial choice of wave functions to be the following:
where This then constitutes the final iteration of the self-consistency procedure.
V. TIME-DEPENDENT THEORY: 'QUANTAL NEWTONIAN' SECOND LAW
The above conclusions are generalizable to the TD case by considering the external field to be F ext (rt) = E(rt) = −∇v(rt). In this case, the 'Quantal Newtonian' second law for each electron -the quantal equivalent to Newton's second law of Eq. (2) -is [2, 4, 5]
where F int (rt) is given by the TD version of Eq. (6) (without the I(rt) term) and the response of the electron is described by the current density field J (rt) = (1/ρ(rt))∂j(rt)/∂t. is then the work done at each instant of time in a conservative field:
, with the TD self-consistent Schrödinger equation being 1 2
Since ∇×F (rt) = 0, the work done v(rt) at each instant of time is path-independent and thus a potential energy. Again, on summing Eq, (14) over all the electrons, the contribution of 
, is given in [7] . 
